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In monograph [1] a method is presented for position determination of a non-
linear system in phase space. One of possible approximate methods of solu-
tion of nonlinear integral equations obtained in (1) is given below.

Equations of motion of the control system are presented in the following
form

7-:;.+k2‘]1‘15k )] 2 = Xj 0 -+ ‘Pj (Zir e v o Zy )] G=1..,7 1

Here 2, are phase coordlnates of the system, X,(t) are known external
forces, ¥, (z, ... 2t} are nonlinear functions, continuous with respect to
all their 'arguments in some regilon and satisfying Lipschitz conditions with
respect to z,..., 3 in this region.

In [1] a method 18 examined for determination of 1initial values of all
phase coordlnates of the system from observable lncrements of one or several
coordlnates. Let one coordinate 2z, be accesslble to measurement., Deslgna-
ting through §(¢) the deviation of coordinate g, with respect to some
arbltrary, but fixed orlgin of reference, we obtain

25 () — 25 {to) = S (t) — S (b)) = L;j GF=1...1 £4
Here ¢4, ¢;s5++., t, 8re some instants of time.

The following system of integral equations is equivalent to the system (1):

50= TVt 5@+ g0+ L0 (=10
=1
L Lo (3
&; 0 = S 2 N (¢, 1) Xp (7) d7, I @6) = S 2 N (2, ) Py [z (%), ..., z. (1), Tl dT

to k=1 ty, k=1
Here Nj;(t, 1) are elements of matrix welght function for the system

2 4 May )z =0 G=1,..,7
k=1

Substituting Expression (3) for z,(¢,) into (2) we obtain
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.
) birek (1)) =L — g, () — Is (), big = Ngie (tj, 1) — Nt Cor t) (G =1, . . ., 1) (4)
k=1

Solving system (4) with respect to 2, (t,), we find

) = o= Xmedy (), =3 myy (L, ~ g, 0)] (5)
v== v=1

1

Here m = |l m XQ is a matrix which 1s inverse of the matrix ? = || bﬁ% .
» we obtain

Substituting. intd 3) instead of z,(¢,) their expression from (5
a system of integral equations

5O=A Nyt G+ g0 = MR O L) -1 G=1,...,n
=1

k k=1
. (6)
-
Ry (1) = D) Ny, (4 1) my,
v=1
Here ¢,(t) and 71,(t) are determined by Expressions (3).
In the case when all nonlinear functions . (z,..., 2z, depend only on
one coordinate, 1.e. / T
"p] (zl, e zrr t) :‘P, (Zs, t) (I - 11 LS ] I‘) (7)
we wlll have one integral equation
T r
2,00 = DNy (& 1) T+ £, () — 2 By 0 1, () + 1, ) ®)
k=1 k=1
where according to {3) and (7)
t r
.
1,0 =\ 3 Nyt D, [, (@, ol do )

ty k=1

Further, a solution 1s required for the following system of linear differ=-
ential equations

Uit D) ag () Y= X; (1) G=1,...,r)
k=1

for initial conditions ijo)zsz- This solution has the form

v () = DNy (b 1) T + g; ()
k=1

where @,(t) are determined from Equations (3). Taking into consideration
that matrix m 1s the inverse of matrix 3 , we can obtain, in agreement
vith (4) and (5) the relationships

r r
Ys () —y, (t) = Z by + 8 (8)) = Z by, (L, — g, (81 + 8, (1) =L; (10)
k=1 k, v=1
Examining the differences
u () =z, () — z, (t), v () =y, () — y, (&) (11)

we will have according to (2) and (10)
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w(t) = v @) =L, z,()=v()+ 2, G=1.our) (12)

Taking into consideration relationship (12), we can solve the nonlinear

integral equation (B8) by an approximate method. Namely, taking into account
(12) we will assume that

)=o)+ 2, (6 for L E [, 1] (3)
and according to (9) ¢t »
I, ) = ¢ [z (), t] = S 2 N (6 Dy, [v (D) + 2, (20), vl d (1%
fo k=1

This approximation becomes more accurate the smaller the interval [¢,,%,].

Approximate values g, (¢) and 7I,(%) accordinz to (13} and (14) are sub-
stituted into (8). Then, assuming that t = t* & [t t,] and substituting
z,{t,) by Z , we obtain for Zz the following equation:

r
Z=17,— X Ry (M elZ, 1)) + c(Z,1% (15)
k=1

It follows from (15) that the error & (t*) = Z(f*) — z,(t) will be a Ffunc-
tion of t¥* . We will prove that at all points * = £ =0,1,..., 7 this
error has one and the same value

8(tj)=Z(t].)-zs(to)=‘-8 G=01...,7

For this we will show that all » + 1 relationships which are obtalned
from (15) for ¢*= ¢, are equivalent voone and the same relationship

r
Z=1,— A mycZ ) (16)
k=1
Correctness of the last statement follows from Equation
[}
mg+1 j=k i=01,...,r
Ry (t) = : ( ) an
mgy, JFk k=1,...,r

which can be obtaindd thus: substituting into (2) Expression (8) for a,(t,)
we have

r r
Li= N byme— N epls @)+ 1, ¢) +8,¢) G=1...,n

k=1 k=1

(18)
p]'k = Rsk (tj) - Rsk (Io)
Introducing matrices
15 () | z & {ty) L, Ty p=]| P i
Im E » §= . s Lm ‘: ¥ Tz E * b;"’”b,k” (I’ “"—'“il“'lr)
I, (t,) gy (t,) L, T m=|my|

relationships (18) and (5) are presented in the matrix form

L= by—pl+1+g =m({L — g 19)

Taki: into account that m = p»~' 1t 1s easy to see from (19) that
(—p +E)I = 0, Consequently, o = F , where £ 18 & unlt matrix of the
order of ir X r) . Now justification of relationships (17) follows from
{18) and (6)., It follows from the material presented that in order to obtain
an approximate value g, {¢,) it is expedient to use Equation (16} which is
obtained from (15) for ;* — tG=0.1,... r.
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After Z = x,(¢,) 1s found from Equation (16), initlal values of remain-
ing coordinates g,(t,) are detrmined according to {5) and (14) from Equa-

tions r

35 (1) = 7;— 2 mye (Z, 1) G=1,..0ur j+9 (20)
k=1
If in Equations (1) nonlinear functions are contailned which depend on

several coordinates F then for application of the method examined above
it 1s necessary to have in the system corresponding increments

Si"k (t].) — Spk (ty)
with respect to all these coordinates, because only in thils case 1s it pos-
sible to utllize approximations analogous to (13).

As an example let us investigate the problem of determination of initial
values of generallzed coordinates of the gyrocompass with a nonlinear restor-
ing force examined in [1]. Equations of motion of the system have the form

3"t apm eyt agz =1; (z) (=123 @
HU sin HU si
5n=aq, Zz=ﬁ—‘“ap;?, z3=ﬂ+—p—,s;l"2
, . PUcos @
k2 = H . Yo (z1) = — £z, Y1 (z21) =5 (z) = 0

The matrix of coefficilents ay has the form

0, — ¥/Ucos@, —k* (1 —p)/ Ucoseg
U cos @, 0, 0 (22)
0! Fv F

Here o 1s the angle of deflectlon of the gyrocompass in the azimuth, g
1s the angle of elevatlon of the northern diameter of the gyrosphere above
the horlzontal plane, ¢ 1s the angle of inclination of the mirror surface
of the liquid of the hydraulic damper above the equator plane of the gyro-
sphere, §F 1s the moment of momentum, 1P 1s the statlic moment of the sen-
sitive element, o , F are parame®ers of the hydraulic damper, Wa(21) is
the nonlinear restoring force, U 1s the angular veloclity of rotation of
the Earth sphere, ¢ 1s the latitude at the point of observation. As coor=-
dinate with respect to which mewsurments of increments L, are made we select
deflection of the gyrocompass in the azimuth with respect’ to some arbitrary,
but fixed origin of reference

L;y=8(@t) — 8 () = 21 () — 21 (to) 71=123) (23)

where t,, t,, t,, t, are some instants of time. Equation (16) takes the
form 8

3
Z=n— Y myc@ ), 1= 3 myl,
k=1 k=1
U l=105 17 bjp = Ny s te) — Ny o %) (= 1,2, 3) (24)
t 3
c(Z,t)= Sle (& g [v (v) + 2] dr, v = XNy 1) =1,
1, k=1

(He];e ¥y, (t,7) are elements of matrix welght function of system (21) for
Valz,) = O

Taking into account the form of the nonlinear function yg(z,) we prescut
Equation (2%) in the form
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apZ® 4 30,22 + (Ba; — 1) ZF a3+ 1, =0
. . (25)
a,=§ E Mm@, @, = {Nm (e T ¥ (1) d v=0,1,2 73
k=1 to
After determination of 2 % g, (t,) from Equation (25), the quantities

za(ty) and  z,(t,) are determined from Equation (20) which for the present
probiem takes the form

3
2 (t) = 1+ § D) myp (002 + B0,y + B0y Z + @) (=23 (26)
k=1

Quantities V3 (t, %) and ©®, can be calculated on a computer by means
of integration for various initial conditions using the right-hand parts of

the following system of differential equations 27)
3 3 e, =0 ,
. - . i=123
yr ot Dapm =0 3"+ D aym, =e; @ — 1y (52 = 1) (v =0,1,23 )
k=1 r=1 gy=20 ’
General solution of system (27) has the form (28)

3 3 t
U0 = DNy 1y ) mp= D) Ny (8 1) g, () + Szvj,(t, By (v) — 1, 1dv
k=1 k=1 to
From (25), (24) and (28) result the fellowing relationships
le (£ t) =y, (&) for Y; (t) = 0, IFk Yy (t) =1
Wpy = Ty, (tk) for Y; (ty) = ij T (t) =0 (29)

Calculations were carried out for the following values of parameters of
the system:

k2= 1.63921-10%gec™?, p =0.38, F == 1.5-10"3sec?, { = 0.4-103sec™!

Ucos @ = 4.11368-1075sec™?, =10, t, = 150sec, ¢, = 300sec, ¢3 = 450sec
Calculated r,, determined according to (23), were found by means of
integration of system (21) for initial conditions z, (0) = 0.3, z, (0) = 0.004,

25 (0) = 0.004.

Coeffricients @, were computed in accordance with (25) and (29) by means
of integration of system (27) on a computer. In this process Equation (25)
turnied out to be the following:

9.723656Z% + 0.212817 22 + 0.998616 Z — 0.581265 = 0 (30)

Equation (30) has the solution: 2Z = 0.299997; the other two roots are
complex,

Approximate initial values of phase coordinates obtained as a result of
solving Equation (30) and according to Equations (26) will be the following:

z; (0) = 0.299997, 2z, (0) =~ 0.004001, 24 (0) = 0.003998 (31)

Values (31) are sufficiently close to assumed initial values.
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